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A general framework of quantum state amplification using the language of quantum state trans-
formation is given systematically for the first time. The concept of amplification of quantum states
is defined specifically and the amplification of a set of quantum states is formulated generally as
the transformation of quantum states. Three different kinds of important quantum amplifications,
i.e., deterministic noisy quantum amplification, probabilistic noiseless quantum amplification, and
deterministic noiseless quantum amplification are identified and discussed. For deterministic quan-
tum amplification, the linearity of amplification is proven to be incompatible with the noiseless
amplification while it is not true for probabilistic quantum amplification. However, deterministic
noiseless quantum amplification is shown physically attainable if the linearity of amplification is
given up. The connection between the gain of amplification and the successful probability is dis-
cussed for probabilistic quantum amplification. Assuming that successful probability is the same
for all quantum states to be amplified, we obtain a generally valid relation between the gain of
amplification and the successful probability. Particular interest is given to phase-preserving quan-
tum amplification of Gaussian states which has been shown of theoretical interest and of practical
importance in quantum information and quantum communication recently. Our results of quantum
state amplification not only enrich the research of quantum amplification but also can be helpful
for further practical applications.
PACS numbers: 03.67.-a, 42.50.Dv, 42.50.Ex
I. INTRODUCTION
Quantum amplification (QA) is at the heart of quan-
tum measurement and quantum metrology. Restricted
by fundamental laws of physics, it is difficult for detec-
tors to measure sufficiently weak signal, especially for
quantum signal. Amplifying signal first and then detect
it with proper detector thus becomes a general way for
signal detection. Unfortunately, the intrinsic noise ac-
companying the signal is also amplified during the pro-
cess of amplification and extra noises may be introduced
to make the signal-to-noise ratio (SNR) worse.
For a linear phase-preserving quantum amplifier,
due to the constraint of bosonic commutation relation
[a, a†] = 1, it has been shown that there is at least
(g2 − 1)~ω total noise power per unit bandwidth out
of its output-port, where g2 is the power gain [1, 2].
As quantum signal amplification is equivalent to quan-
tum state amplification, it seems that a universal linear
phase-preserving quantum amplifier that can amplify any
coherent state determinately and noiselessly is impossi-
ble [3]. For the special set of coherent states, however,
the probabilistic noiseless amplification of coherent states
is physically realizable [4–6] and there have been some
experimental reports on the realization of noiseless am-
plification of quantum light states [7–9]. Moreover, re-
garding quantum state amplification as quantum state
transformation, our recent research shows that for a cer-
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tain set of coherent states, which satisfies particular con-
ditions, there always exists a specific quantum amplifier
that can amplify coherent state in that set determinately
and noiselessly [10].
Although various investigations are given to quantum
amplification, there is still lack of a general framework to
discuss it. In this paper, a general framework of quantum
state amplification using the language of quantum state
transformation is given systematically for the first time.
The paper is organized as follows. In Sec. II, the concept
of amplification of quantum state is definitely defined.
The general discussion of amplification of quantum states
using the language of quantum state transformation is
given and three different important amplifications, i.e.,
deterministic noisy QA, probabilistic noiseless QA and
deterministic noiseless QA are identified and discussed.
In Sec. III, phase-preserving QA is considered and the
particular interest is given to the deterministic noiseless
Gaussian state amplification. An example of application
in phase measurement using deterministic noiseless QA
is shown and the situation of amplified states in noisy
environment is discussed. In Sec. IV, we give a summary
of these results.
II. AMPLIFICATION OF QUANTUM STATES
Before the detail discussion of quantum state amplifi-
cation, an explicit definition of amplification of quantum
state is necessary. The quantum state amplification de-
fined as quantum state transformation is then illustrated
and three different kinds of important QA are identified
2and discussed.
A. The definition of amplification of quantum state
Suppose a system in which we have interest is in quan-
tum state |ψ〉. When we measure the observable Aˆ in
this system, the physical quantity obtained in the mea-
surement is the expectation of Aˆ in state |ψ〉, that is
〈ψ|Aˆ|ψ〉. The expectation value 〈ψ|Aˆ|ψ〉 of observable Aˆ
in state |ψ〉 is usually called quantum signal. Amplifi-
cation of the quantum signal means the amplification of
the expectation value 〈ψ|Aˆ|ψ〉, which is equivalent to the
amplification of state |ψ〉. Now suppose that the system
evolves under an operation that transforms the state |ψ〉
into the another state |φ〉. If the expectation value of
observable Aˆ in the state |φ〉 is larger than the expecta-
tion value in state |ψ〉, that is 〈φ|Aˆ|φ〉 > 〈ψ|Aˆ|ψ〉, then
we say the quantum signal is amplified, or equivalently,
the state is amplified with respect to observable Aˆ. The
process of quantum signal amplification is thus actually a
process of quantum state transformation. Note that QA
is related with the measurement of observable. We thus
give the following definition of amplification of quantum
state.
Definition 1: If there exists an operation that trans-
forms the state |ψ〉 of quantum system into the another
state |φ〉 such that 〈φ|Aˆ|φ〉 > 〈ψ|Aˆ|ψ〉, then this process
is called the amplification of the state |ψ〉 with respect to
observable Aˆ. The state |φ〉 is called the amplified state
of the state |ψ〉 with respect to observable Aˆ.
If 〈φ|Aˆ|φ〉 = g〈ψ|Aˆ|ψ〉 with g > 1, we say that the
state |ψ〉 is amplified with gain of g. If there exists a
setup that can amplify state |ψ〉 into the amplified state
|φ〉 with the gain of g , then we call that setup a quantum
amplifier with gain of g of the amplification. A quantum
amplifier is thus a physical system whose function is to
transform the input state |ψ〉 to the amplified state |φ〉.
Before the amplification, the fluctuation of observ-
able Aˆ in state |ψ〉 is ∆Aˆ|ψ〉 =
√
〈ψ|Aˆ2|ψ〉 − 〈ψ|Aˆ|ψ〉2.
After the amplification, the fluctuation of observ-
able Aˆ in the amplified state |φ〉 becomes ∆Aˆ|φ〉 =√
〈φ|Aˆ2|φ〉 − 〈φ|Aˆ|φ〉2. The amplification is called noise-
less if ∆Aˆ|φ〉 = ∆Aˆ|ψ〉, otherwise, the amplification is
noisy. The definition of noiseless amplification of quan-
tum state is thus defined as below.
Definition 2: The quantum amplification is called
noiseless if the fluctuation of observable Aˆ is the same in
the state |ψ〉 and the amplified state |φ〉, otherwise the
quantum amplification is noisy.
The above definition can be easily extended to mixed
state of a quantum system. Suppose that the state of
the quantum system is ρ, if we send this state to a quan-
tum amplifier with gain of g and the amplified state is σ,
then we have 〈Aˆ〉σ = g〈Aˆ〉ρ, where 〈Aˆ〉σ = Tr(Aˆσ) and
〈Aˆ〉ρ = Tr(Aˆρ) are the expectation values of observable Aˆ
in state σ and ρ respectively. The amplification is noise-
less if ∆Aˆσ = ∆Aˆρ, where ∆Aˆσ =
√
Tr(Aˆ2σ)− Tr(Aˆσ)2
and ∆Aˆρ =
√
Tr(Aˆ2ρ)− Tr(Aˆρ)2 are fluctuations of ob-
servable Aˆ in state σ and ρ respectively.
The definition of amplification of quantum state with
respect to two observables or more than two observables
is also valid. For example, in the case of two observables
Aˆ and Bˆ, we have 〈φ|Aˆ|ψ〉 = g1〈ψ|Aˆ|ψ〉 and 〈φ|Bˆ|φ〉 =
g2〈ψ|Bˆ|ψ〉, where g1 and g2 are the gains of amplification
with respect to observables Aˆ and Bˆ respectively. The
gains of g1 and g2 can be equal to each other that g1 = g2
or unequal to each other that g1 6= g2. The amplification
is noiseless if and only if ∆Aˆ|φ〉 = ∆Aˆ|ψ〉 and ∆Bˆ|φ〉 =
∆Bˆ|ψ〉. If ∆Aˆ|φ〉 = ∆Aˆ|ψ〉 but ∆Bˆ|φ〉 6= ∆Bˆ|ψ〉, then the
amplification is only noiseless with respect to observable
Aˆ. Conversely, if ∆Aˆ|φ〉 6= ∆Aˆ|ψ〉 but ∆Bˆ|φ〉 = ∆Bˆ|ψ〉,
then the amplification is only noiseless with respect to
observable Bˆ. In all other cases, the amplification is not
noiseless.
B. Quantum state amplification viewed as
quantum state transformation
According to the definition of amplification of quan-
tum state, the quantum state amplification is actually a
quantum state transformation, thus it is natural to dis-
cuss the amplification of the quantum state using the
language of quantum state transformation. In fact, the
language of quantum state transformation provides a uni-
fied framework describing the quantum state cloning, the
unambiguous discrimination of states, and the quantum
state amplification [11–13].
In the quantum operation theory, any physically per-
missible state transformation of a quantum system can be
determined by a completely positive (CP), linear, trace
non-increasing map: Λ : ρ→ Λ(ρ) [14, 15]. The transfor-
mation is physically realizable in principle if such a map
Λ mathematically exists.
The first representation theorem gives the general rep-
resentation of the CP, linear, trace nonincreasing map Λ
[16]. It states that any CP, linear, trace non-increasing
map Λ can be represented by an operator-sum form
Λ(ρ) =
∑
k MˆkρMˆ
†
k , where Mˆk is the Kraus operator
that satisfies
∑
k Mˆ
†
kMˆk ≤ Iˆ. For deterministic transfor-
mation
∑
k Mˆ
†
kMˆk = Iˆ, while for probabilistic transfor-
mation
∑
k Mˆ
†
kMˆk < Iˆ [17, 18]. The unitary evolution
of a quantum system that Λ(ρ) = UˆρUˆ † is a special case
of this representation. Another more physical way to
represent the map Λ is considering the unitary evolution
on an enlarged Hilbert space. If an ancillary system is
introduced to a quantum system, and a unitary transfor-
mation is applied onto the composite system, the map Λ
is realized when we make projective measurement on the
ancillary system. Mathematically, it can be expressed
3as Λ(ρ) = TrE′{Uˆρ
⊗
ρEUˆ
†Iˆ
⊗
PE′}, where ρE is the
initial state of the ancillary system and PE′ is a projec-
tor in the transformed ancillary Hilbert space [15]. For
convenience, we will use both of them optionally.
In practice, the significant case is the amplification of
a set of quantum states. The amplification of a specific
state is trivial since we can always prepare the system
in the expected quantum state. For simplicity, the am-
plification of a set of N linear-independent pure states
Π ≡ {|ψi〉} with i = 1, 2...N is preferred to be consid-
ered. Suppose that the set of quantum states Ξ ≡ {|φi〉}
is the corresponding amplified set of quantum states with
respect to observable Aˆ. The operator Aˆ can be a sin-
gle observable, or represent a set of specific observables,
which will not be mentioned below except for the case
of necessary. For any quantum state |ψi〉 in the set Π,
there should exist a unitary operation Uˆ that transforms
the state |ψi〉 into the corresponding amplified state |φi〉
with the assistance of an ancillary system. In general, the
transformation is probabilistic and the successful proba-
bility p may be varied for different states in the set Π.
For an arbitrary state |ψi〉 in set Π, we thus have the
following formula of quantum state transformation:
Uˆ |ψi〉|0〉 = √pi|φi〉|µi〉|+〉+
√
1− pi|Fail〉|νi〉|−〉. (1)
Here |+〉, |−〉 are the pointer states that indicate the
amplification is successful or failure respectively. The
initial state of the ancillary system is simply denoted by
|0〉 and it is assumed that there is no correlation between
the system and the ancillary initially. |µi〉 and |νi〉 are
states of the ancillary system corresponding to successful
and failure amplification respectively.
The complex conjugate of Eq. (1) can be written as
〈0|〈ψj |Uˆ † = √pj〈φj |〈µj |〈+|+
√
1− pj〈Fail|〈νj|〈−|.
(2)
Taking the inner product of Eq. (1) and Eq. (2) gives
〈ψj |ψi〉 = √pipj〈φj |φi〉〈µj |µi〉+
√
(1− pi)(1 − pj)〈νj |νi〉.
(3)
Equation (3) is valid for any pair of states {|ψi〉, |ψj〉} in
the set Π, and it can be recast as
GΠ = GΞ ◦ Ω +K. (4)
Here GΠ and GΞ are Gram matrices of set Π and Ξ
respectively. The Gram matrix Ω is defined as Ωij =√
pipj〈µj |µi〉 and the Gram matrix K is defined as Kij =√
(1− pi)(1− pj)〈νj |νi〉.
It is obvious that the matrix Ω satisfies the following
conditions: Ω ≥ 0; diag(Ω) = ~p = (p1, p2, ..., pN ); and
GΠ−GΞ ◦Ω ≥ 0. According to quantum transformation
theorem of sets of pure states [18], the matrix Ω can be
factorized as C†C where C = [cki] is a M × N matrix.
The amplification Kraus operators can be constructed as
Mˆks =
∑
i
cki
〈ψ˜i|ψi〉
|φi〉〈ψ˜i|, (5)
where Mˆks(k = 1, 2, ...,M) are the Kraus operators for
successful amplification. State |ψ˜i〉 is orthogonal to any
state in set Ω except for state |ψi〉 and 〈ψ˜i|ψj〉 = γiδij ,
where γi 6= 0 is a constant.
For the successful amplification, it can be seen that for
any state |ψi〉
Mˆks|ψi〉 = cki|φi〉. (6)
Though only pure state amplification is considered
above, the extension to the case of general state amplifi-
cation is not difficult. Suppose that the set of N linear-
independent general quantum states Π = {ρ1, ρ2, ..., ρN}
is to be amplified, and the set Ξ = {σ1, σ2, ..., σN} is the
corresponding amplified set of quantum states. For any
state ρi in set Π, the transformation of amplification can
be formulated as:
Uˆρi⊗ρEUˆ † = piσi⊗τi⊗|+〉〈+|+(1−pi)̺⊗υi⊗|−〉〈−|,
(7)
where |+〉〈+|, |−〉〈−| are pointer states, τi and υi are
states of the ancillary system corresponding to successful
and failure amplification respectively, and ̺ is the failure
state of the quantum system.
Taking the trace of the product of Eq. (7) and its
conjugate gives
Tr(ρiρj) = pipjTr(σiσj)Tr(τiτj)+(1−pi)(1−pj)Tr(υiυj),
(8)
which is valid for any pair of states {ρi, ρj} in set Π.
In the above formula, we have assumed that ρE is a
pure state and Tr(̺2) is a constant that involved in term
Tr(υiυj). The Kraus operator representation of success-
ful amplification now becomes
MˆksρiMˆ
†
ks = |cki|2σi. (9)
Since a mixed state ρ can be considered as an ensem-
ble of pure quantum states, the amplification of a set of
general quantum states is equivalent to the amplification
of a specific set of pure quantum states. In the following
discussion, the QA of a set of states refers to the ampli-
fication of pure states without pointing out it explicitly.
C. The classification of quantum amplification
There are mainly two different kinds of quantum am-
plification, i.e., deterministic QA and probabilistic QA
that can be obviously seen from Eq. (8).
We first consider the deterministic amplification of the
set of quantum states Π = {ρ1, ρ2, ..., ρN}. The success-
ful probability of amplification is unity for any state ρi
in set Π, that is pi = 1, ∀ρi ⊆ Π. The second term in the
right-hand side (RHS) of Eq. (7) vanishes for this case
and Eq. (8) becomes
Tr(ρiρj) = Tr(σiσj)Tr(τiτj). (10)
4Since the overlap of any two states is less than unity,
we have Tr(ρiρj) = Tr(σiσj)Tr(τiτj) ≤ Tr(σiσj) for any
states ρi, ρj ⊆ Π, which implies that the overlap be-
tween any two states to be amplified is no more than
the overlap between two corresponding amplified states
for deterministic amplification. From the point of view
of information, the distinguishability of any two states
to be amplified does not increase after the deterministic
QA. The underlying physics of this consequence is that
a quantum system will dissipate some of its information
to the environment because of the interaction between
them. In fact, for any quantum operation L on the set of
states Π, the distinguishability of any two states ρi, ρj in
the set does not increase after operation, which means
D(ρi, ρj) ≥ D(Lρi, Lρj), (11)
where D(ρi, ρj) represents the distinguishability of states
ρi, ρj. The distinguishability does not increase after am-
plification provides us an essential tool to investigate de-
terministic QA further.
Suppose that the amplification is noiseless, which
means that the fluctuation of observable Aˆ in any state
ρi ⊆ Π and its corresponding amplified state σi ⊆ Ξ stay
unchanged, i.e., ∆Aˆρi = ∆Aˆσi . For a linear quantum
amplifier with fixed gain g of amplification, which means
Tr(Aˆσi) = gTr(Aˆρi) for any state ρi ⊆ Π, we will show
that the linearity of quantum amplifier is incompatible
with the noiseless amplification.
Suppose that the eigenvalues of observable Aˆ are {af}
and the corresponding eigenstates are {|af〉} so that Aˆ =∑
f af |af 〉〈af |. The expectation of observable Aˆ in any
quantum state ρ now can be expressed as
Tr(Aˆρ) =
∑
f
af 〈af |ρ|af 〉. (12)
For a linear quantum amplifier with gain g, Tr(Aˆρi) =
gTr(Aˆσi) holds for any state ρi ⊆ Π and the correspond-
ing amplified state σi ⊆ Ξ.
In the representation of observable Aˆ, the fluctuation
of Aˆ in quantum state ρi reads
∆Aˆ2ρi = Tr(Aˆ
2ρi)− Tr(Aˆρi)2
=
∑
f
a2f 〈af |ρi|af 〉 − (
∑
f
af 〈af |ρi|af 〉)2. (13)
In the amplified state σi, the fluctuation of observable Aˆ
is
∆Aˆ2σi =
∑
f
a2f〈af |σi|af 〉 − (
∑
f
af 〈af |σi|af 〉)2
=
∑
f
a2f〈af |σi|af 〉 − g2(
∑
f
af 〈af |ρi|af 〉)2.
(14)
If the amplification is noiseless, then ∆Aˆ2ρi = ∆Aˆ
2
σi
gives
(g2 − 1)Tr(Aˆρi)2 = Tr{Aˆ2(σi − ρi)}. (15)
Considering the term in the RHS of Eq.(15), we have
Tr{Aˆ2(σi − ρi)} =
∑
f
a2f 〈af |(σi − ρi)|af 〉
< amax(g − 1)Tr(Aˆρi),
(16)
where amax is the maximum eigenvalue of observable Aˆ.
Substituting Eq.(16) into Eq. (15) gives
(g2 − 1)Tr(Aˆρi)2 < amax(g − 1)Tr(Aˆρi), (17)
which is obviously not hold in general.
It is obvious from Eq. (14) that ∆Aˆσi 6= ∆Aˆρi except
for g = 1, which means there is no amplification at all.
We thus conclude that a deterministic linear quantum
amplifier with fixed gain g can not be noiseless.
Tr(ρiρj) is equal to the overlap of two distribution of
ρi and ρj in the representation of Aˆ, since
Tr(ρiρj) =
∑
f,g
〈af |ρi|ag〉〈ag|ρj |af 〉. (18)
The sum should be replaced by an integral if Aˆ is a con-
tinuous observable
Tr(ρiρj) =
∫
dxdy〈x|ρi|y〉〈y|ρj |x〉. (19)
The added noise to the amplified states must ensure that
the overlap between amplified states larger than corre-
sponding initial states. It is easy to understand just with
this added noise the distinguishability of any two ampli-
fied quantum states does not increase.
Although the deterministic amplification can not be
noiseless for a linear quantum amplifier, the determin-
istic noiseless amplification is attainable if the gain of
amplification can be state-dependent, i.e., the quantum
amplifier is nonlinear [10]. Here, we assume that the
gain of amplification of state ρi is gi, i.e., Tr(Aˆσi) =
giTr(Aˆρi). For noiseless amplification, the overlap be-
tween any two states ρi, ρj ⊆ Π can be less than the
overlap between two corresponding amplified states, that
means Tr(ρiρj) 6 Tr(σiσj), which is impossible for a lin-
ear quantum amplifier. The distinguishability of any two
states ρi, ρj ⊆ Π does not increase for a deterministic
noiseless amplification means D(ρi, ρj) > D(σi, σj) is the
only physical requirement. For the set of states Π to be
amplified and the noiseless amplified set of states Ξ, if
D(ρi, ρj) > D(σi, σj) for any two states ρi, ρj and their
corresponding noiseless amplified states σi, σj is satisfied,
then such deterministic noiseless quantum amplifier al-
ways can be constructed physically.
The linear quantum amplifier with gain g can be noise-
less if we do not demand the amplification is determin-
istic, and in this case the only physical requirement is
that Eq. (8) must be hold. The probabilistic noiseless
linear quantum amplifier is thus physically allowed. The
relation between the gain g and the successful probability
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FIG. 1. The relation of three different kinds of typical quantum amplification. For deterministic amplification, the linear
amplification is incompatible with the noiseless amplification. Deterministic noiseless amplification is only possible for nonlinear
quantum amplifier and linear deterministic amplification must be noisy. However, the linear amplification can be noiseless if
the amplification is probabilistic. Among the three kinds of quantum amplification, (b) and (c) belong to noiseless amplification
and (a) and (b) belong to linear amplification.
pi can also be obtained from Eq. (8) since for noiseless
amplification Tr(ρiρj) = fij(g)Tr(σiσj), where f(g) is
proportional to g and depends on the states ρi and ρj to
be amplified. The form of fij(g) relies on the specific case
we consider, for instance, in the noiseless amplification of
coherent states, fij(g) = e
(g2−1)|αi−αj |
2
, where |αi〉 and
|αj〉 are coherent states to be amplified. The Eq. (8)
thus becomes
fij(g) = pipjTr(τiτj) + (1 − pi)(1 − pj)Tr(υiυj)
Tr(σiσj)
. (20)
Assuming that the successful probability is the same for
all states ρi ⊆ Π , then we have
fij(g) = Ci,jp
2 + Vi,j(1− p)2, (21)
where Ci,j ≡ Tr(τiτj) and Vi,j ≡ Tr(υiυj)
Tr(σiσj)
. Eq. (21) is
valid for any pair of states ρi, ρj ⊆ Π. We emphasize that
this kind of probabilistic noiseless QA is totally different
from the classic-like noiseless QA that analogous to the
classical amplifier works based on the unambiguous iden-
tification of input states and the preparation of desired
amplified states [19, 20]. Though the successful proba-
bility is limited by identification of input states, the gain
of classic-like quantum amplifier can be arbitrary high
which is not the case for our probabilistic quantum am-
plifier.
The probabilistic linear amplification of course can be
noisy or noiseless when the probabilistic amplification is
nonlinear, but we usually do not consider them since they
are practically trivial.
As a summary, three different kinds of important QA,
i.e., linear deterministic noisy QA, nonlinear determin-
istic noiseless QA and linear probabilistic noiseless QA
are identified and discussed in detail. For deterministic
QA, the linearity of the amplifier is incompatible with
the noiseless amplification, while it is not a problem for
probabilistic QA. The clear relation between this three
different kinds of quantum amplification is shown in Fig.
1.
III. PHASE-PRESERVING AMPLIFICATION
OF QUANTUM STATES
Phase-preserving QA is of theoretical interest and of
practical importance [1, 2, 4, 6, 7, 21–23], especially for
the phase-preserving quantum amplification of Gaussian
states in phase space.
A. Definition of phase-preserving quantum
amplification
The phase-preserving QA is the amplification of states
with respect to two canonical observables Xˆ1 and Xˆ2,
e.g., position Qˆ and momentum Pˆ . For any state
ρi ⊆ Π, the phase-preserving quantum amplifier ampli-
fies the state ρi into the corresponding amplified state
σi ⊆ Ξ with Tr(Xˆ1σi) = giTr(Xˆ1ρi) and Tr(Xˆ2σi) =
giTr(Xˆ2ρi). If gi is the same for any state ρi, then it is a
linear phase-preserving quantum amplifier, otherwise it
is non-linear.
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FIG. 2. (Color Online) Illustration of the distribution of quan-
tum state ρ in (Xˆ1, Xˆ2) space and phase-preserving quantum
amplification. (a) The distribution of quantum state ρ in
(Xˆ1, Xˆ2) space. For the simplicity of figure, we assume here
that the distribution is Gaussian. The position of distribution
totally determined by amplitude r and phase θ. (b) Phase-
preserving amplification of quantum state ρ. The amplitude
is amplified by g-fold while the phase stays unchanged.
We can construct an operator aˆ = Xˆ1 + iXˆ2 which is
not Hermitian. Though aˆ is not an observable, the phase-
preserving amplification with respect to observables Xˆ1
and Xˆ2 can be regarded as amplification with respect
to aˆ since Tr(aˆσi) = giTr(aˆρi). Analogous to phase
space based on position Qˆ and momentum Pˆ , the gen-
eral phase space based on canonical observables Xˆ1 and
Xˆ2 can be defined. Any quantum state ρ can be repre-
sented by its distribution in (Xˆ1, Xˆ2) space that denoted
by Gρ(x1, x2). The marginal distribution of Gρ(x1, x2)
can be given in the form∫
dx2Gρ(x1, x2) = Gρ(x1),∫
dx1Gρ(x1, x2) = Gρ(x2),
(22)
where we have assumed that Xˆ1 and Xˆ2 are continuous
observables and Gρ(x1) ≡ 〈x1|ρ|x1〉 , Gρ(x2) ≡ 〈x2|ρ|x2〉
are distribution of ρ in the representation of Xˆ1, Xˆ2 re-
spectively. When Xˆ1 = Qˆ and Xˆ2 = Pˆ , the distribution
Gρ(x1, x2) is just the Wigner function Wρ(q, p) in phase
space. The phase-preserving amplification of quantum
state ρ can be restated as the amplitude of ρ in (Xˆ1, Xˆ2)
space being amplified while the phase being unchanged.
The phase stays unchanged after the amplification is the
reason that we call it phase-preserving amplification. As
it can be seen from Fig. 2, the amplitude of ρ in (Xˆ1, Xˆ2)
space is defined as r =
√
Tr(Xˆ1ρ)2 +Tr(Xˆ2ρ)2 and the
phase is determined by θ = arctan[
Tr(Xˆ2ρ)
Tr(Xˆ1ρ)
].
In practice, the particular focus is given to the spacial
case of Xˆ1 = Qˆ and Xˆ2 = Pˆ . The distribution of quan-
tum state ρ is described by the Wigner function defined
as [24]
Wρ(q, p) =
1
2π~
∫ +∞
−∞
dξexp(− i
~
pξ)〈q + 1
2
ξ|ρ|x− 1
2
ξ〉.
(23)
For any two states {ρi, ρj}, their overlap is equal to
the overlap of their corresponding distributions in phase
space [25]
Tr(ρiρj) = 2π~
∫ +∞
−∞
dq
∫ +∞
−∞
dpWρi(q, p)Wρj (q, p).
(24)
B. Phase-preserving quantum amplification of
Gaussian states
Gaussian states play an important role in quantum
information and quantum communication [26–28]. The
phase-preserving QA of Gaussian states is not only of the-
oretical interest [1, 10] but also of practical importance
[29–33].
A Gaussian state is defined as such a state that its char-
acteristic function, or equivalently its Wigner function, is
Gaussian. The vacuum state, coherent states, squeezed
states, and thermal states are typical Gaussian states.
The Gaussian state is fully characterized by its first mo-
ment ~d and second moment ~γ [27, 28]. For a single-mode
Gaussian state ρ, the first moment ~d = (d1, d2) is defined
as
di = Tr(Xˆiρ), (25)
where Xˆi represent quadrature operators Qˆ and Pˆ . The
second moment ~γ, which forms the so-called covariance
matrix ~γ = (γij)(i, j = 1, 2), is given by
γij = Tr({Xˆi, Xˆj}ρ)− 2didj , (26)
where {Xˆi, Xˆj} ≡ XˆiXˆj + XˆjXˆi is the anti-commutator
of Xˆi and Xˆj . For simplicity and convenience, only
single-mode Gaussian states are considered here. Re-
sults about phase-preserving QA of single-mode Gaussian
states can be easily extended into multi-mode case.
We consider the phase-preserving QA of a set of N
single-mode Gaussian states Π = {ρ1, ρ2, ..., ρN} here.
Note that all Gaussian states in set Π should be in the
same single-mode, otherwise different Gaussian states
can be identified because of mode identification. The
corresponding set of N amplified Gaussian states is de-
noted by Ξ = {σ1, σ2, ..., σN}. For any state ρi ⊆ Π, the
phase-preserving QA means the amplification of the first
moment
~dσi = gi
~dρi , (27)
7where ~dρ represents the first moment of Gaussian state ρ.
If the gain gi is the same for all states ρi ⊆ Π, then the
phase-preserving QA of Gaussian states is linear, oth-
erwise it is nonlinear. For noiseless amplification, the
second moments should stay unchanged
~γσi = ~γρi , ∀ρi ⊆ Π, (28)
where ~γρ represents the second moment of state ρ.
The distinguishability of any two Gaussian states can
be measured by their distance in phase space. The dis-
tance between any two Gaussian states ρ and σ in phase
space can be written as
D(ρ, σ) = (~dρ − ~dσ)2. (29)
The distinguishability of two states ρ and σ that is in-
versely proportional to overlap Tr(ρσ) is also propor-
tional to their distanceD(ρ, σ) in phase space. The larger
the distance between two Gaussian states, the more the
distinguishability of these two states and vice versa.
For a deterministic quantum amplifier, it has been
shown above that the linearity of amplification is incom-
patible with noiseless amplification. The linear determin-
istic phase-preserving QA of Gaussian states can not be
noiseless. This can be seen by calculating the distance
of two noiseless amplified Gaussian states. Suppose that
the amplification is noiseless, the distance between any
two amplified Gaussian states σi, σj ⊆ Ξ is
D(σi, σj) = (~dσi − ~dσj )2 = g2D(ρi, ρj), (30)
where D(ρi, ρj) = (~dρi − ~dρj )2 and Eq. (27) is used in
the last step above. Obviously, for g > 1, D(σi, σj) >
D(ρi, ρj), which implies that Gaussian states are more
distinguishable after deterministic QA, which is directly
conflicted with the physical fact that the distinguishabil-
ity of any two states in the set Π does not increase after
deterministic QA.
Of course, the linear probabilistic phase-preserving QA
of Gaussian states can be noiseless. The gain of amplifi-
cation g and the successful probability p is limited by Eq.
(20). Furthermore, Eq. (21) is satisfied if the successful
probability p is the same for all states ρi ⊆ Π. Consider
the linear probabilistic QA of set of two Gaussian states
{ρ1, ρ2} and its corresponding amplified set of coherent
states is {σ1, σ2} with gain g of QA. If the QA is noiseless
then Eq.(21) becomes
f(g) = Cp2 + V (1 − p)2, (31)
where C ≡ Tr(τ1τ2) and V ≡ Tr(υ1υ2)
Tr(σ1σ2)
are constants in
this case and f(g) is proportional to g. The minimum
gain of QA gmin exists since
d2f(g)
dp2
= 2(C + V ) > 0.
We obtain the minimum point p0 =
V
V + C
by setting
df(g)
dp
= 0. The gmin is thus determined by
f(gmin) =
√
Cp20 + V (1 − p0)2. (32)
For the case of QA of coherent states, f(g) =
e(g
2−1)D(ρ1,ρ2) and we have
gmin =
√
1
2
ln[Cp20lnV (1 − p0)2]
D(ρ1, ρ2)
+ 1. (33)
The existence of minimum gain of amplification gmin can
be easily understood since the amplified state σi should
be distinguished from the initial state ρi. To distinguish
the two Gaussian states requires the distinguishability or
the distance of two Gaussian states is larger or equal to
a threshold value ǫ below which the two Gaussian states
can not be distinguished from each other. The thresh-
old value ǫ determines the minimum gain of amplification
gmin. The distance between state ρi and the correspond-
ing amplified state σi depend on the first moment of state
ρi and the gain g of amplification since
D(σi, ρi) = [(g − 1)~dρi ]2. (34)
The threshold value ǫ should be proportional to
the minimum distance that defined as Dmin ≡
min{D(σi, ρi), ∀ρi ⊆ Π}, that is
ǫ = κDmin, (35)
where κ is a constant factor for a definite set of Gaussian
states Π. The minimum gain of amplification can be
calculated as
gmin =
√
ǫ
κ(~dρ,min)2
+ 1, (36)
where ~dρi,min ≡ min{~dρi , ∀ρi ⊆ Π} is the minimum first
moment of states ρi in set Π. In general, the situation is
more complicated so that we have to consider the set of
equations in the form of Eq.(21).
The deterministic phase-preserving QA of Gaussian
states can be noiseless if the requirement of linearity of
amplification is relaxed. Suppose that the gain of ampli-
fication is dependent on different Gaussian states ρi ⊆ Π,
that is Tr(aˆσi) = giTr(aˆρi) with aˆ = Qˆ + iPˆ . According
to Eq. (10), the distinguishability of any two Gaussian
states does not increase after deterministic QA. In other
words, the distance does not increase after deterministic
noiseless QA, i.e.,
D(ρi, ρj) ≥ D(σi, σj). (37)
Using the definition of distance, the simple calculation
gives
cosϑij ≥
√
(g2i − 1)(g2j − 1)
gigj − 1 , (38)
8where ϑij is the relative phase of states ρi and ρj in
phase space. For a deterministic noiseless QA, the set
of Gaussian states Π and gain of amplification {gi} must
satisfy Eq. (38). On the other hand, if Eq. (38) is sat-
isfied, we can always construct a deterministic noiseless
phase-preserving quantum amplifier that amplifies any
Gaussian state ρi ⊆ Π to the corresponding amplified
Gaussian state σi ⊆ Ξ physically. We thus obtain the
following theorem about deterministic noiseless phase-
preserving QA of Gaussian states.
Theorem: Suppose the set of N Gaussian states
Π = {ρ1, ρ2, ..., ρN} is to be amplified and its correspond-
ing phase-preserving amplified set is Ξ = {σ1, σ2, ..., σN}
with ~dρi = gi
~dσi and ~γσi = ~γρi for any Gaussian state
ρi ⊆ Π. The deterministic noiseless phase-preserving
quantum amplifier that amplifies the state ρi randomly
chosen from set Π into the corresponding amplified state
σi in the set Ξ exists if and only if the states in set Π and
the gain of amplification satisfy the condition cosϑij ≥√
(g2i − 1)(g2j − 1)
gigj − 1 for any two states ρi, ρj ⊆ Π, where
ϑij is the relative phase between states ρi and ρj in phase
space.
There exists a special case that all the final amplified
states have the same amplitude in phase space. In this
case, ~d2σi =
~d2σj for any two states σi, σj ⊆ Ξ, which
implies that g2i
~d2ρi = g
2
j
~d2ρj . Combining this requirement
with Eq. (38) finally gives
cosϑij ≥
√√√√ g2i ~d2ρi − ~d2ρj
(g2i − 1)~d2ρi ~d2ρj
. (39)
Corollary: The deterministic noiseless phase-
preserving quantum amplifier that amplifies the Gaus-
sian state ρi randomly chosen from set Π to correspond-
ing amplified Gaussian state σi in the set Ξ with all the
same amplitude in phase space exists if and only if the
Gaussian states in set Π and the gain of amplification
satisfy the condition cosϑij ≥
√√√√ g2i ~d2ρi − ~d2ρj
(g2i − 1)~d2ρi ~d2ρj
for any
two states ρi, ρj ⊆ Π, where ϑij is the relative phase
between states ρi and ρj in phase space.
C. The phase measurement with phase-preserving
amplification
After phase-preserving QA, the phase of Gaussian
states stays unchanged. This property can be exploited
to improve the precision of phase measurement, for in-
stance, the phase measurement of coherent states using
a balanced homodyne detector.
The difference of two photo-detector measurements is
obtained in homodyne detection and the output signal is
determined by
nˆd = −i(bˆ†cˆ− cˆ†bˆ), (40)
where nˆd is the number difference operator and bˆ, cˆ are
annihilation operators [34]. A large amplitude coherent
state |c〉 with fixed phase is used in one input port as
reference. When a coherent state |b〉 is sent into another
input port, the mean measured signal at the output is
〈nˆd〉 = 2|b| · |c|sinδ, (41)
where δ is the relative phase between coherent states |b〉
and |c〉. The variance of signal is calculated as
∆nˆd =
√
|b|2 + |c|2. (42)
The sensitivity of the measured phase, according to error
transfer formula, becomes
∆δ =
∆nˆd
|∂〈nˆd〉/∂δ| =
√
1 + (|c|/|b|)2
2|c|cosδ . (43)
Suppose that the input coherent state |b〉 is randomly
chosen from a definite set of coherent states. A prob-
abilistic noiseless quantum amplifier can be applied to
amplify input coherent state |b〉 before detection. Ac-
cording to Eq. (41) and Eq. (43), not only the mean
output signal is enhanced but also the precision of mea-
sured phase is improved in this case. Moreover, if this set
of coherent states satisfy the condition of deterministic
noiseless QA, a deterministic noiseless quantum ampli-
fier can be designed to amplify the input coherent state
noiselessly and determinately.
D. Deterministic amplification in noisy
circumstance
The distinguishabilty of two quantum states decreases
in general after deterministic QA. However, the situation
may be different in noisy circumstance. The distinguisha-
bility of two amplified states through the noisy channel
may be larger than the two states through the same noisy
channel without amplification.
In order to see it explicitly, suppose that the two states
ρ1, ρ2 are to be amplified and σ1, σ2 are the two corre-
sponding amplified states. The noisy channel can be de-
scribed by superoperator Vˆ (t) so that the state evolution
of quantum system in noisy channel is ρ(t) = Vˆ (t)[ρ(0)]
[35]. In general, the distance of two states decreases
monotonously in noisy channel because of the informa-
tion dissipation of quantum system D(ρ1(t), ρ2(t)) ≤
D(ρ1(0), ρ2(0)). The decay rate of distance can de de-
fined as [36]
χ(ρ1(t), ρ2(t)) =
d
dt
D(ρ1(t), ρ2(t)). (44)
9χ(ρ1(t), ρ2(t)) ≤ 0 implies the distinguishability of two
states decreases with time in noisy channel while in non-
Markovian channel χ(ρ1(t), ρ2(t)) > 0 [37, 38]. The de-
cay rate of two amplified quantum states in the same
noisy channel can be defined similarly. The decay rate
of distance depends on the initial states which means
the possible different decay rate for states and amplified
states. It is thus possible that the distinguishability of
two amplified states may be larger than the states with-
out amplification through the same noisy channel.
Besides, the detector is not truly ideal in practice. The
unavoidable noises in detector will lower our precision of
distinguish quantum states. For an imperfect detector,
the amplified states may be more distinguishable than
states without amplification.
IV. SUMMARY
In this paper, using the language of quantum state
transformation, we give a general framework of quan-
tum state amplification systematically for the first time.
Based on explicit definition of amplification of quantum
states, we formulate the amplification of set of quantum
states as transformation of quantum states. Three dif-
ferent kinds of important QA, i.e., deterministic noisy
QA, probabilistic noiseless QA, and deterministic noise-
less QA, are identified and discussed in detail. For deter-
ministic QA, we show that the linearity of amplification
is incompatible with the noiseless amplification while it
is not a problem for probabilistic QA. For probabilistic
noiseless QA, we discussed the connection between the
gain of amplification and the successful probability. We
obtain a generally valid relation between the gain of am-
plification and the successful probability for the case in
which successful probability is the same for all quantum
states to be amplified. Particular interest is focused on
phase-preserving QA of Gaussian states that has been
shown of theoretical interest and of practical importance
in quantum information and quantum communication.
Using the concept of distance between Gaussian states,
the theorem of deterministic noiseless QA of Gaussian
states with explicit formula is obtained for the first time.
Also, the application of noiseless QA in phase measure-
ment is given and deterministic QA in noisy circumstance
is discussed. Though the distinguishability of two quan-
tum states decreases after deterministic amplification in
general, the situation may be very different in noisy cir-
cumstance. Our discussion of quantum state amplifica-
tion viewed as quantum state transformation provides
a general framework to discuss quantum amplification.
The results of quantum state amplification we obtained
not only enrich the research of quantum amplification but
also may be helpful for further applications of quantum
amplification.
Acknowledgements
The authors thank Sheng Liu for helpful discussions.
This work is supported by National Natural Science
Foundation of China (No. 61275122, No. 61590932) and
Strategic Priority Research Program (B) of CAS (No.
XDB01030200).
[1] C. M. Caves, J. Combes, Z. Jiang, and S. Pandey, Quan-
tum limits on phase-preserving linear amplifiers, Phys.
Rev. A 86, 063802 (2012).
[2] A. A. Clerk, M. H. Devoret, S. M. Girvin, F. Marquardt,
and R. J. Schoelkopf, Introduction to quantum noise,
measurement, and amplification, Rev. Mod. Phys. 82,
1155 (2010).
[3] U. Gavish, B. Yurke, and Y. Imry, Generalized Con-
straints on Quantum Amplification, Phys. Rev. Lett. 93,
250601 (2004).
[4] T. C. Ralph and A. P. Lund, Quantum Communication
Measurement and Computing Proceedings of the Ninth
International Conference, edited by A. Lvovsky (AIP,
New York, 2009), pp. 155-160.
[5] V. Dunjko and E. Andersson, Truly noiseless probabilistic
amplification, Phys. Rev. A 86, 042322 (2012).
[6] S. Pandey, Z. Jiang, J. Combes, and C. M. Caves, Quan-
tum limits on probabilistic amplifiers, Phys. Rev. 88,
033852 (2013).
[7] G. Y. Xiang, T. C. Ralph, A. P. Lund, N. Walk, and
G. J. Pryde, Heralded noiseless linear amplification and
distillation of entanglement, Nat. Photon. 4, 316 (2010).
[8] A. Zavatta, J. Fiura´sˇek, and M. Bellini, A high-fidelity
noiseless amplifier for quantum light states, Nat. Photon.
5, 52 (2011).
[9] S. Kocsis, G. Y. Xiang, T. C. Ralph, and G. J. Pryde,
Heralded noiseless amplification of a photon polarization
qubit, Nat. Phys. 9, 23 (2013).
[10] M. J. Hu and Y. S. Zhang, Deterministic noiseless am-
plification of coherent states, Phys. Rev. A 92, 022352
(2015).
[11] X. F. Zhou, Q. Lin, Y. S. Zhang, and G. C. Guo, Physical
accessible transformation on a finite number of quantum
states, Phys. Rev. A 75, 012321 (2007).
[12] V. Dunjko and E. Andersson, Transformations between
symmetric sets of quantum states, J. Phys. A: Math.
Theor. 45, 365304 (2012).
[13] L. M. Duan and G. C. Guo, Probabilistic Cloning and
Identification of Linearly Independent Quantum States,
Phys. Rev. Lett. 80, 4999 (1998).
[14] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, 2000).
[15] J. Preskill, http://www.theory.caltech.edu/people/preskill/ph229/.
[16] K. Kraus, States, Effects, and Operations (Springer-
Verlag, Berlin, 1983).
[17] A. Chefles, Deterministic quantum state transformations,
Phys. Lett. A 270, 14 (2000).
[18] A. Chefles, Quantum operations, state transformation
and probabilities, Phys. Rev. A 65, 052314 (2002).
[19] G. Adesso and G. Chiribella, Quantum Benchmark for
Teleportation and Storage of Squeezed States, Phys. Rev.
10
Lett. 100, 170503 (2008).
[20] K. Hammerer, M. M. Wolf, E. S. Polzik, and J. I. Cirac,
Quantum Benchmark for Storage and Transmission of
Coherent States, Phys. Rev. Lett. 94, 150503 (2005).
[21] W. H. Louisell, A. Yariv, and A. E. Siegman, Quantum
Fluctuations and Noise in Parameter Processes. I., Phys.
Rev. 124, 1646 (1961).
[22] J. P. Gordon, W. H. Louisell, and L. R. Walker, Quantum
Fluctuations and Noise in parameter Processes. II., Phys.
Rev. 129, 481 (1963).
[23] H. Heffner, The Fundamental Noise Limit of Linear Am-
plifiers, Proc. TRE 50, 1604 (1962).
[24] E. Wigner, On the Quantum Correction For Thermody-
namic Equilibrium, Phys. Rev. 40, 749 (1932).
[25] W. P. Schleich, Quantum Optics in Phase Space
(WILEY-VCH Verlag Berlin GmbH, Berlin, 2001).
[26] S. L. Braunstein and P. van. Loock, Quantum informa-
tion with continuous variables, Rev. Mod. Phys. 77, 513
(2005).
[27] X. B. Wang, T. Hiroshima, A. Tomita, and M. Hayashi,
Quantum information with Gaussian states, Phys. Rep.
448, 1 (2007).
[28] G. Adesso, S. Ragy, and A. R. Lee, Continuous variable
quantum information: Gaussian states and beyond, Open
Syst. Inf. Dyn. 21, 144001 (2014).
[29] N. Walk, T. C. Ralph, T. Symul, and P. K. Lam, Security
of continuous-variable quantum cryptography with Gaus-
sian postselection, Phys. Rev. A 87, 020303(R) (2013).
[30] J. Fiura´sˇek ad N. J. Cerf, Gaussian postselection and vir-
tual noiseless amplification in continuous-variable quan-
tum key distribution, Phys. Rev. A 86, 060302(R) (2012).
[31] M. Micˇuda, I. Straka, M. Mikova´, M. Dusˇek, N. J. Cerf,
J. Fiura´sˇek, and M. Jezˇek, Noiseless Loss Suppression in
Quantum Optical Communication, Phys. Rev. Lett. 109,
180503 (2012).
[32] G. S. Meng, S. Yang, X. B. Zou, S. L. Zhang, B. S. Shi,
and G. C. Guo, Noiseless suppression of losses in optical
quantum communication with conventional on-off photon
detectors, Phys. Rev. A 86, 042305 (2012).
[33] S. Yang, S. L. Zhang, X. B. Zou, S. W. Bi, and X. L.
Lin, Continuous-variable entanglement distillation with
noiseless linear amplification, Phys. Rev. A 86, 062321
(2012).
[34] M. O. Scully and M. S. Zubairy, Quantum Optics (Cam-
bridge University Press, Cambridge, 1997).
[35] H. P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press Inc., New
York, 2002).
[36] H. P. Breuer, E. M. Laine, and J. Pillo, Measure for
the Degree of Non-Markovian Behavior of Quantum Pro-
cesses in Open Systems, Phys. Rev. Lett. 103, 210401
(2009).
[37] E. M. Laine, J. Pillo, and H. P. Breuer, Measure for the
non-Markovianity od quantum process, Phys. Rev. A 81,
062115 (2010).
[38] R. Vasile, S. Maniscalco, M. G. A. Paris, H. P.
Breuer, and J. Pillo, Quantifying non-Markovianity of
continuous-variable Gaussian dynamical maps, Phys.
Rev. A 84, 052118 (2011).
